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Approx ima te  analyt ica l  methods a re  p roposed  for  solving r e v e r s e  heat -conduct ion p r o b l e m s  
for  the case  of a semiinf in i te ly  l a rge  body and a plane l aye r  with movable  or  s t a t ionary  
boundar ies .  The appl icabi l i ty  l imi t s  of the r e su l t s  a r e  evaluated.  

R e v e r s e  hea t -conduct ion  p r o b l e m s  of the f i r s t  kind a r e  those where  the t he rma l  flux or  the sur face  
t e m p e r a t u r e  a re  to be de te rmined  f r o m  the known t e m p e r a t u r e  inside the body. Despi te  the inherent  in-  
s tabi l i ty  of such p r o b l e m s ,  in ce r ta in  c a s e s  they can be solved by d i r ec t  methods .  We p r o p o s e  he re  to 
de t e rmine  the t r ans ien t  t he rm a l  f luxes by semiana ly t i ca l  methods based  on the solution of in tegra l  equa-  
t ions.  

We cons ider  the second boundary-va lue  p r o b l e m  of heat  conduction for  the case  of a semiinf in i te ly  
l a rge  body with a movable  boundary:  
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With the aid of the Kirchhoff  t r an s fo rm a t ion  0 = (l/X0) 
p r o b l e m  (1)-(2) can be reduced  to the f o r m  
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We will now a s s u m e  that a = const .  This  condition is e i ther  app rox ima te ly  or  accura te ly  enough 
sa t i s f ied  for  ce r t a in  me ta l s  and nonmetal l ic  m a t e r i a l s .  

The solution to (3)-(4) will be e x p r e s s e d  in t e r m s  of the t h e r m a l  potent ial  in a s imple  layer :  

( exp I (x -X(~) )2  ] 
a 4a(1:--~) J d~. (x ,  T) : =  o (x ,  ~) - -  Oo - ~ _  J ~ (~) (5) 

The l imi t  value obtained for  the de r iva t ive  of the t he rma l  potential ,  as  the boundary of the region is 
approached  f r o m  inside,  wilt be de t e rmined  accord ing  to the fo rmula  for  a t e m p e r a t u r e  jump [1], which 
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in this c a s e  r e d u c e s  to 
O0 (X + O, "r) = O0 (X, "r) v ('r) 
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w h e r e  .. 
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F u r t h e r m o r e ,  not ing tha t  -2t  o = O0(X + 0, T)/OX = q(w), we have  

f [ ( X ( ' r ) - - X ( D ) ~ ] d ~ .  (6) v (x) )'o X ( ' Q .  X (g) exp 
q (z) = X0 ~ -t- " - ~  v (~) 2 ! aa  (x - -  ~)3 4a (z - -  ~) 

0 

L e t  us  a p p r o x i m a t e  this  e x p r e s s i o n .  The  hea t ing  p e r i o d  [0, T] wil l  be  d iv ided  into n g e n e r a l l y  u n -  
equa l  i n t e r v a l s  (n = 1, 2 . . . . .  m)  and c u r v e s  v(r)  and Xff )  wil l  be  r e p l a e e d  by a s t a i r e a s e  so  as  to s a t i s fy  
the condi t ions  vi = (vi + vi-1 ) /2 ,  Xi = (Xi + Xi -1 ) /2  on eaeh  s e g m e n t .  We then obtain  the fol lowing e x p r e s -  

s ion  f o r  q(r) :  
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Noting tha t  the l i m i t  

x , , - x '  ] - - o ,  

we w r i t e  the r e l a t i o n  f o r  the t h e r m a l  f lux a s  
n - - 1  - -  - -  

i = I  

The  v a l u e s  of the t h e r m a l  po t en t i a l  dens i ty  u on the g iven  t i m e  g r id  m u s t  be  d e t e r m i n e d  a c c o r d i n g  to 
(5) f r o m  the known t e m p e r a t u r e  0 (x l, r )  a t  poin t  x = x 1. An ana logous  a p p r o x i m a t i o n  of (5) y i e ld s  

- V Y  " (8) �9 
t = l  ] [ - ]  ,, [ x - -  "X i - -  V-x:, - -  "q iO* x -  Xi  
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1 
iO* [u] = ~ exp [ ~ u  21 - -  u [ 1 - -  �9 (u)]. 

F r o m  (8) fo l lows  the r e c u r r e n c e  r e l a t i o n  b e t w e e n  vn and ui: 
n - - I  

" ~." 1 a 

In the e a s e  of a s t a t i o n a r y  b o u n d a r y ,  the d e t e r m i n a t i o n  of t h e r m a l  f luxes  b e c o m e s  s i m p l e r .  Omi t -  
t ing h e r e  a l l  i n t e r m e d i a t e  t r a n s f o r m a t i o n s ,  we show the f inal  r e s u l t  f o r  a s e m i i n f i n i t e l y  l a r g e  body with 

X( r )  = 0 [21: 

1) with a s t a i r c a s e  a p p r o x i m a t i o n  of q ( r ) $  
n - - I  

1 

i = l  

"~Analogons e x p r e s s i o n s  have  b e e n  ob ta ined  in [3] and [4]. 
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2) with a p i e c e w i s e - l i n e a r  a p p r o x i m a t i o n  of q(r)  
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w h e r e  
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We next  c o n s i d e r  a p l a t e  which is  hea t e d  (or cooled)  on two s ide s  with t h e r m a l  f luxes  q(r)  and qin(r) ,  
r e s p e c t i v e l y ,  both  v a r y i n g  with t ime .  One b o u n d a r y  of this  p la te  is  m o v a b l e  and i ts  d i s p l a e e m e n t  mode  
X(7) is  a s s u m e d  known. The  in i t ia l  t e m p e r a t u r e  d i s t r i bu t i on  is  cons t an t  and equa l  to T 0. The  t e m p e r a t u r e  
d i s t r i b u t i o n  in the m o d e l  is  in this  c a s e  d e s c r i b e d  by  the fo l lowing s y s t e m  of equa t ions :  

O0 a 2 o  ] 
--Ox = a--ox 2, X ( r ) < x < b o ,  x>0 ,  I 

t 0 (x, O) = 0o, 

Xo O0 (X(z), a:) (12) 
�9 -~- q ( ~ ) =  0,  t 

Xo a0 (b o, ~) 
ax , qin ('c) == O. 

The  so lu t ion  to the f o r w a r d  h e a t - c o n d u c t i o n  p r o b l e m  is  sought  as  the s u m  of t h e r m a l  p o t e n t i a l s  in 
a s i m p l e  l a y e r :  

2 f ' .~  v, (g) 4a (~ - -  ~) d[ 

a ! a (~--  ~) 0 V a  (~ - -  g) 

F o r  the t h e r m a l  po ten t i a l  d e n s i t i e s  v 1 and v 2 c o r r e s p o n d i n g  to the two r e s p e c t i v e  p la te  b o u n d a r i e s  we 
w r i t e  the fo l lowing s y s t e m  of i n t e g r a l  equa t ions  

T 

q ( ~ ) = ~ |  2 -v 2 g a a ( T - - ~ )  3 4 a ( ~ - - ~ )  
0 

- -  3 vo (~) 2 l / a n ( v - -  ~)3 exp 4a (1:-- ~) 
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qin (z) = -~)~~ , v~2(x) r' , vx (g) 2 l /a~(~ - -  ~)3 4a (-c - -  ~) 
0 

We now a p p r o x i m a t e  q(r)  and qin(Z) in the s a m e  m a n n e r  as  b e f o r e .  As  a r e s u l t ,  we obta in  
n- - I  

I g=~ i- 1 
t = l  i = l  

n 

qinn 2 = - -  g ~ -  ~).1~=~,.~ } '  (14) 
i = l  

where 
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2 2 
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where  

The cor responding  exp re s s ion  for  the model  t e m p e r a t u r e  a t  the t ime r n is  

{ Z  - " '  ~,, (x) = "-- F a -  ~'n~7~ + ~ ~'"-~q ' 
i = 1  i = 1  

[ x-X, W". 
cP"u = l / ' r ~ ' ~ i O "  2 1 , / ~  J~='%1 ' 

We now a s s u m e  that the re la t ions  T(x,,  r) and T(x 2, r) a r e  known at  two points of the pla te .  

aid of exp re s s ion  (15), 
t ia l  densi t ies  vl and v2: 

(15) 

With the 

it is  then poss ib le  to wr i te  an a lgeb ra i c  s y s t e m  of equations for  the t he rma l  po ten-  

V l n  f~?n lx .  " - -  ,n 

n - - l  

V-a- 
i = 1  

G (xO 
l""a 

n - - l  

i = 1  

06) 

We change f r o m  va r i ab l e s  ~1 and v2 to t he rma l  f luxes q and qin accord ing  to fo rmu la s  (13) and (14). 

If both plate  boundar ies  a r e  s ta t ionary ,  then the unknown the rma l  f luxes q and qin a r e  found (as can 
be eas i ly  proved)  as  the solution to the following s y s t e m  of equations:  

~,, ~ (.q, . . _  -c,,_1) + q:,~,~ ~ (b - -  x , ,  T,, - -  . , ,_  ~) 

n = l  '. ! ' 
~ i  

f = I  

" - '  . . . .  ~  - -  G(x . . ) ,  = ~ {q~ ~ (x.., T , ; -  ~) + qi~ ~ (b- -  x.,_, , , ,  - - "  ~7" 
i = 1  

where  (cf. [5]) 

(17) 

~------~ L 2 |.fa-~ J " 2 l ia-T  " 
1 = 0  

When the back  su r face  is t he rma l ly  insulated,  then the sought solution b e c o m e s  s imple r :  
n - - I  

_ 1 cxa I, (,8/ 
q" = ~ (xl, %~ - -  *,,_1) ( .5 , ,~ " 

f = l  

and the t e m p e r a t u r e  a t  one point x = x t needs to be known, 

In p r ac t i c e  it is often e a s i e r  to m e a s u r e  the t e m p e r a t u r e  of a t he rma l ly  insulated su r face .  In this 
case  it is  poss ib le  to obtain fo rm u l a s  not containing infinite s e r i e s .  Of bas i c  impor tance  in cons t ruc t ing  
the a lgor i thm h e r e  is  the introduction of an aux i l i a ry  function g(r) which would be re la ted  to q(T) in a def i -  
nite way through a continuous ope ra to r  and which would be defined by a s imple  in tegra l  equation [6]. 

We se l ec t  function g(T) defined by an in tegra l  equation analogous in f o r m  to Eq. (5). In the case  of 
an infinitely l a rge  plate  it  will then be poss ib le  to calcula te  the t he rma l  flux by the main  pa r t  of the a lgo-  
r i t hm which had been  designed for  a semiinf in i te ly  l a rge  body.  We cons ider  the following prob lem:  

O~O O(x, O) O, O0 .... a - -  =: 
& Ox ~' 

oo (o, ~) __ o. 
o (b, ~) = % (~), Ox 

794 



We then p e r f o r m  the Laplace t ransformat ion:  

s ~ ( x ,  s )  : a 

O(b, s) ~- ff~., 

where  

The solution to this p rob lem is 

~ (x, s) 
dx ~ 

"-~"~.-v,, s) : :  o, 
dx 

L[O(x,  ~)1 ==:~j" O(x, ~)exp(--s~)dT == O'(x, s). 
0 

" 

The t r a n s f o rm  express ion  for  the the rmal  flux is 

) d O ( x ,  s) [  _ 1//-@o,. 
F r o m  (20) and (21) follows 

~-(s) ~o1,' --~--~(o, s)sh a ---~-/. 

We define the t rans format ion  of function g(T) as follows 

g ( s ) =  Zo0-(0, s) s l / /  ~exp(bl/~aS ) .  

Then 

(19)  

(20) 

(21) 

(22) 

q(s) ==: g ( s ) s h ( b  I/--~-)exp (--b ~ - ~ )  'is) "'-s- 

Reverting to the originals (22) and (23), we obtain an integral equation for g(T) as well as an equation 
which r e l a t e s  functions q(T) and g(~-): 

q (~) .... - ~  g (~) 1 - -  i(D* d[, (24) 
�9 ~ a ( ~ - - ~ )  , 
0 

. t o .  ' , % t '  ~ " 1 . . . .  g (~) 4a ('~ - -  ~) d~. (25) 
d~ N~ ] '0 ~(~- -  ~) 

Equation (25) is identical  in fo rm to the in tegral  equation for  the thermal  flux t ransmi t ted  to a s emi -  
infinitely large  body with a movable boundary.  If the der ivat ive  dO (0, z ) /dz  is known, then determining the 
function g(r) is comple te ly  analogous he re  to de termining  the function q(-r) f rom the known t empera tu re  
0 (b, r) .  F o r  instance,  with the s t a i r case  approximat ion of g(z) we obtain 

r/--I 

Relations (9)- (11), (16)- (18), and (26) a re  approximat ion solutions to the Vol te r ra  in tegral  equations of 
the f i r s tk ind .  This p rob lembe longs  to the ca tegory  of imprope r ly  formula ted  ones. One may expect ,  t he re -  
fore ,  that the resul t ing  sys t ems  of l inear  a lgebra ic  equations (the r e c u r r e n c e  formulas  r ep r e sen t  sys tems  
with l o w e r - o r d e r  t r iangular  mat r i ces )  will not be ra t ional  and thei r  solutions will be unstable.  Let  us d is -  
cuss  the applicabil i ty of our  resu l t s  f rom the heur i s t i c  standpoint.  At sufficiently smal l  values of xl, the 
express ion  for  the t rans ien t  thermal  flux is 

2~ dT 1 
q ('r) = - -  q~ § x~ 

n dT 
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Since this express ion  does not contain der ivat ives  dnT/d r  n and dnq/dr  n of higher  than the f i rs t  order ,  
hence calculat ions based  on it will be re la t ively  stable, An analogous resu l t  has been obtained in [7] for 
the case  of a plate heated with a constant thermal  f luxq=cons ta tLxFo  >-- 0.35-0.50 (depending on xl). If 
now the ent ire  heating per iod is divided into i in tervals  and qi = eonst is assumed on each, then we may 
postulate that for AFo >_ 0.35-0.50 the problem of determining qi has been formulated ra ther  rat ionally.  
Indeed, in these cases  the s ingular i t ies  of function q(T) are  much less  concealed and the solution to the 
forward  problem becomes  regular ized:  

F r o m  here  we have 

O, = X..~_ (Fo~ + 3 ( b " x ~ ) " ~  2 ) " 

a~(x~-~) 4_~ a ~ ~,(,,-,,_1). 
o (x,  ,r) = a (~) - -  ~.ob 

0 i= l  

A s imi la r  re la t ion applies also to a semiiafini tely large  body [3]. 

Fo r  specific problems,  stable approximations can be rea l ized at much lower values of AFo. The 
decisive factor  here  is the consis tency of the input data and the distance of the point with a known t empera -  
lure f rom the body boundary.  An exper iment  must  be simulated on the computer  for every  case.  

It is to be noted that, with our  approach to solving r eve r se  heat-conduct ion problems,  a formal  im-  
provement  of the accuracy  of approximating the unknown functions q(T) and v(T) will make it feasible to 
increase  the time steps as the approximate  l imit  of a stable solution is approached.  For  instance,  the 
cr i t ica l  t ime interval  ~ r c r  will be l a rge r  with formula (11) than with formula  (10). 

On the whole, the descr ibed  schemes  for  determining the boundary conditions are  useful in cases  
where the t empera tu re  input data are  r a the r  accura te ,  the tempera ture  probes  are  located close to the 
body boundary,  and the boundary conditions need not be defined very prec i se ly .  For  other  cases  the solu- 
tions must  be regu la r ized  [8, 9]. 

In the next a r t ic le  we will d iscuss  d i rec t  numer ica l  methods of solving nonlinear r eve r s e  hea t -con-  
duction p rob lems  and the effect  which the quality of input data has on the accuracy  and the stability of r e -  
suiting approximat ions.  

N O T A T I O N  

a is the thermal  diffusivity; 
b is the plate thickness;  
C is the specific heat  r e f e r r e d  to volume; 
g is an auxil iary function; 
q is the thermal  flux; 
qin is the thermal  flux at the inner wall; 
T is the t empera ture ;  
X is the space coordinate of the movable body boundary;  
x is the local coordinate;  
Fo is the Four i e r  number;  
0 is the model tempera ture ;  
X is the thermal  conductivity; 
v is the thermal  potential density;  
T is the t ime. 

1 .  

2. 

3. 
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